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The Riemann Zeta Function: Zeros, Critical Line,

and Al-Driven Insights

1 Visualizing Zeta Function Zeros

The non-trivial zeros of {(s) reside in the critical strip 0 < R(s) < 1 and organize

Yy — 1
along the critical line™($) = 2. Modern visualization techniques reveal:

¢ 3D phase portraits where height represents |{(s)| and color encodes arg({(s))

[1]

e (Critical line intercepts at zeros shown through contour plots of R({(s)) =0

(red) and 3(¢(s)) = 0 (green) [2]
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¢ Animated trajectories of>\2 ) forming onion-like patterns [3]

2 The Critical Line and Riemann Hypothesis
¢(s) = 2°7° L sin (g) I(1—s)¢(1—s)
Key properties:

N 1
e Over 1013 zeros computed ont(s) = 3 [4]

¢ Violation would disrupt prime-counting function m(x):

w(x) = Li(x) — ZLi(;}:”) +0 (;r'/z log:r.)
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e Equivalent to optimality in prime gap distribution [5]

3 Al in Zeta Function Analysis

Recent advances combine neural networks with symbolic reasoning: ¢ HyperTree

Proof Search (HTPS) achieves 82.6% accuracy on Metamath theorems [6]

e Neural-guided contour integration for zero detection:

1 ¢

- —ds=N—P
2mi Je C(s)

where N = zeros and P = poles inside contour C [7]
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¢ Transformer models verifying 10 IMO problems [12]

4 Prime Connections and Density

» 1 \
() =z — Z % — log(2m) — 3 log(1 —272)

P
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Key relationships:

o 1
e Prime density PDF: P(n prime)™ Tun

¢ Explicit formula connects zeros to prime oscillations [8]
Understanding the Chebyshev Psi Function Explicit Formula
The von Mangoldt Explicit Formula

The explicit formula for the Chebyshev psi function represents one of the most
profound connections between prime number theory and complex analysisH[2],

The formula:

xP 1 _
P(x) = x—ij—log (2m) —Elog (1-x72)

emerges from sophisticated applications of contour integration, residue theory, and

the analytic properties of the Riemann zeta function3/4,
Foundation: The von Mangoldt Function and Logarithmic Derivative
Definition and Properties

The Chebyshev psi function is defined as!>:

P(x) = Lnex A1)

where A(n) is the von Mangoldt function:
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A(n) = {log p ifn= plk (p prime, k= 1)
0 otherwise

This function satisfies the fundamental identity log (n) = X4, A(d), which by

Mébius inversion yields the representation A(n) = Y4, u(d)log (n/d).
Connection to Zeta Function

The critical link to the Riemann zeta function emerges through the logarithmic
derivativel®h:

() _ o A
RO

forR(s) > 1

This identity follows from the Euler product representation and logarithmic

differentiation of {(s) = [, (1 — p~*)*LeL

Derivation via Perron's Formula

The Mellin Transform Approach

The explicit formula derives from applying Perron's formula to the Dirichlet series

representation!”Z/l8l, For ¢ > 1 and x not a prime power:

_ 1 c+ioco (’(S) xs
IP(X) - z_n_ifc_ioo (_ ((S))?ds

This integral representation allows systematic analysis through contour

deformation!79],
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Contour Deformation and Residue Calculation

The key insight involves shifting the integration contour leftward to R(s) = —N for

large N, capturing residues at critical points[0/11l:

1. Simple pole at s = 1: From {(s) having a simple pole with residue 1

2. Zeros of {(s): Each non-trivial zero p contributes a residue

3. Trivial zeros: At s = —2,—4, —6, ... from the functional equation

4. Pole ats = 0: From the integrand structure

Explicit Residue Contributions

The residue at s = 1 yields the main term x4 For each non-trivial zero p, the

residue calculation gives:
R ( g'(s) xs) xP
eSsep | - — | =——
TP\ L) s p

The trivial zeros contribute the correction term —%log (1 —x72), while the

functional equation provides the constant —log (2m)23],
Term-by-Term Analysis

Main Term: x
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The linear term represents the expected "prime weight" if primes were uniformly
distributed!. This dominance reflects the Prime Number Theorem's assertion that

P(x) ~xasx — oo.

Oscillatory Terms: —}’, %

These terms encode prime distribution irregularities through zeta zeros!12/131:
e Eachzero p = f + iy contributes oscillations with frequency y
e Amplitude depends on : if Riemann Hypothesis holds, all have § = 1/2

e Convergence requires careful truncation to height T with error O (xlog? x/

T)7l
Constant Term: —log (2m)

This normalization constant arises from the functional equation's structurel2/l4}:

1
§(s) =5s(s - Dm=*/2T(s/2)4(s)

where &(s) = &£(1 — s) is the completed zeta function.
Correction Term: — %log (1—x72)

This accounts for trivial zeros at negative even integers(2l3l. For large x, this term

vanishes since log (1 —x72) = x~2 - 0.

Rigorous Error Analysis
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Truncated Formula

In practice, the infinite sum over zeros requires truncation!7!31:

xP 1 _2 xlog? x
Y(x) = x = Yis(p)<r e log (2m) — Elog 1-x)+0 T

Conditional Results

The error bound depends critically on zero-free regions!7/131:
e Classical bound: O(x'%log x) forany § > 0
e Under RH: 0(x'/?log x) optimal bound

o Explicit constants: Recent work provides |{'(s)/{(s)| < log |t| near o =
1013

Applications and Significance
Prime Number Theorem

The explicit formula directly proves PNT through asymptotic analysisi!4l. The

condition P (x) ~ x is equivalent to m(x) ~ x/log x via summation by parts.
Prime Gap Estimates

Zero distribution controls prime gap behaviorl!4l, Better zero-free regions yield

improved bounds on consecutive prime differences.
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Computational Verification

The formula enables high-precision computation of i (x) using known zero

locations!15l, Current verification extends to over 102 zeros on the critical line.

Connection to Modern Research

Zero Density Estimates

Current research focuses on bounding N (o, T), the number of zeros with R(s) > ¢
and |3(s)| < Tl Improved density estimates directly strengthen prime

distribution results.

Explicit Constants

Recent advances provide concrete bounds for practical applications!*3l. These
enable computational number theory applications including primality testing

algorithms.

The von Mangoldt explicit formula thus stands as a masterpiece of analytic
number theory, transforming the discrete prime counting problem into elegant
complex analysis while revealing the profound connection between prime

distribution and zeta function zeros!2!3!,
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Conclusion

The Riemann Hypothesis remains mathematics’ most consequential open problem,

with Al emerging as a powerful collaborator through:

e Neural-guided proof search [12]

e Automated contour analysis [10]

e Large-scale zero verification [9]
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